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It is demonstrated, that chirality violating condensates in massless QCD arise from zero mode solutions
of Dirac equations in arbitrary gluon ﬁelds. Basing of this idea, the model is suggested, which allows one
to calculate quark condensate magnetic susceptibilities in the external constant electromagnetic ﬁeld.
© 2009 Elsevier B.V. Open access under CC BY license. Consider QCD action in Euclidean space–time
S = 1
4
∫
d4x G2μν −
∫
d4x
∑
f
[
ψ+f (iγμ∇μ + im f )ψ f
]
(1)
where Gnμν is gluon ﬁeld tensor, the sum is over quark ﬂavours.
∇μ = ∂μ + ig λ
n
2
Anμ (2)
and Anμ is the gluon ﬁeld. Pay attention, that in Euclidean for-
mulation of QCD ψ¯ is replaced by ψ+ . (The review of Euclidean
formulation of QCD and instantons is given in [1], see especially
[2].) The Dirac equation for massless quark in Euclidean space–
time has the form:
−iγμ∇μψn(x) = λnψn(x) (3)
where ψn(x) and λn are the eigenfunctions and eigenvalues of the
Dirac operator −∇ = −iγμ∇μ . Expand the quark ﬁelds operators
into the left and right ones
ψ = 1
2
(1+ γ5)ψL + 1
2
(1− γ5)ψR ,
ψ+ = ψ+L
1
2
(1+ γ5) + ψ+R
1
2
(1− γ5), (4)
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γ5ψL = ψL, γ5ψR = −ψR . (5)
Then for nonzero λn the Lagrangian and the action reduces to the
sum of two terms
L = −
∫ [
ψ+L ∇ψR + ψ+R ∇ψL
]
d4x (6)
completely symmetric under interchange L ↔ R . Therefore the so-
lutions of the equations for left and right quark ﬁelds are also the
same – the states, constructed from left and right quarks are com-
pletely symmetrical. This conclusion was obtained for ﬁxed gluon
ﬁeld. It is evident, that the averaging over the gluon ﬁelds does
not change it. Quite different situation arises in case λ0 = 0. The
contribution of this term to the Lagrangian:
L =
∫
d4x
[
ψ+L + ψ+R
]∇ψ0 (7)
is equal to zero and no conclusion can be done about the sym-
metry of states build from left and right quark ﬁelds. One of the
consequences from the said above is that all chirality violating vac-
uum condensates in QCD arise from zero mode solutions of Dirac
equations (3).
These general arguments are supported by the well-known
facts:
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S(x) is expressed through the spectral function ρ(λ) as a function
of eigenvalues λ (Källen–Lehmann representation):
Tr S
(
x2
)= 1
π
∫
dλρ(λ)
(
x2, λ
)
. (8)
At x2 = 0 (x2, λ) reduces to δ(λ) and we have (in Minkowski
space–time):
ρ(0) = −π〈0|ψ¯(0)ψ(0)|0〉. (9)
(The Banks–Casher relation [3].)
2. The zero-mode solution of (3) for massless quark in the in-
stanton ﬁeld is the right wave function – ψR(x) = (1−γ5)ψ(x) and
in the ﬁeld of anti-instanton is the left one – ψL(x) = (1+γ5)ψ(x)
[4,5].
Basing on the statements, presented above, let us formulate the
model for calculation of chirality violating vacuum condensates in
QCD. Suppose, that vacuum expectation value (v.e.v.) of the chi-
rality violating operator O c.v. is proportional to matrix element
ψ+0 O c.v.ψ0, where ψ0 is the zero-mode solution of Eq. (3) in Eu-
clidean space–time:
〈0|ψ¯O c.v.ψ |0〉 ∼ ψ+0 O c.v.ψ0. (10)
ψ0 depends on x, on the position of the center of the solution xc ,
as well as on its size ρ: ψ0 = ψ0(x − xc,ρ). Eq. (10) must be in-
tegrated over xc , what is equivalent to integration over x − xc . (In
what follows the notation x will be used for x − xc .) We assume,
that ρ = Const and ﬁnd its value from comparison with the known
v.e.v.’s. Finally, introduce in (10) the coeﬃcient of proportionality n.
So, our assumption has the form:
〈0|ψ¯(0)O c.v.ψ(0)|0〉 = −n
∫
d4xψ+0 (x,ρ)O c.v.ψ0(x,ρ). (11)
Our model is similar to dilute instanton gas model [6], where xc
is the position of instanton center. Unlike the latter, where the in-
stanton density has dimension 4, n has dimension 3 and may be
interpreted as the density of zero-modes centers in 3-dimensional
space. Note, that the left-hand side of (11) is written in the
Minkowski space–time, while the right-hand side in Euclidean
ones. (The sign minus is put in order to have n positive.) For x and
ρ-dependences of ψ0(x,ρ) we take the form of the zero-mode so-
lution in the ﬁeld of instanton in SU(2) colour group:
ψ0(x,ρ) = 1
2
(1− γ5) 1
π
ρ
(x2 + ρ2)3/2χ0, (12)
where χ0 is the spin-colour isospin (|T| = 1/2) wave function, cor-
responding to the total spin I+ T = J equal to zero, J = 0. ψ0(x,ρ)
is normalized to 1:∫
d4xψ+(x,ρ)ψ(x,ρ) = 1. (13)
Consider ﬁrst the quark condensate 〈0|q¯q|0〉, the most impor-
tant chirality violating v.e.v., determining the values of baryon
masses [7–9]. (Here q = u,d are the ﬁelds of u,d-quarks.) In this
case O c.v. = 1 and in accord with (11), (13) we have
n = −〈0|q¯q|0〉 = (1.65± 0.15) × 10−2 GeV3 (at 1 GeV) [10].
(14)
(The integration over SU(2) subgroup position in SU(3) colour
group as well as anti-instanton contribution are included in the
deﬁnition of n.) The anomalous dimension of quark condensate isequal to 4/9. According to (14) n has the same anomalous dimen-
sion. The size ρ of the zero-mode wave function can be found by
calculation in the framework of our model of the v.e.v.
−g〈0|ψ¯σμν λ
n
2
Gnμνψ |0〉 ≡m20〈0|q¯q|0〉. (15)
The parameter m20 is equal to [11]: m
2
0 = 0.8 GeV2 at 1 GeV. The
m20 anomalous dimension is equal to −14/27. Working in the
SU(2) colour group, substitute λn by τ a (a = 1,2,3) and take for
Gaμν the instanton ﬁeld
Gaμν(x,ρ) =
4
g
ηaμν
ρ2
(x2 + ρ2)2 , (16)
where the parameter ηaμν were deﬁned by ’t Hooft [12] (see also
[2]). The substitution of (12) and (16) into (11) gives after simple
algebra
1
2
n
1
ρ2
=m20n. (17)
Therefore,
ρ = 1√
2m0
= 0.79 GeV−1 = 0.156 fm (at 1 GeV). (18)
We are now in a position to calculate less well-known quan-
tities – the magnetic susceptibilities of quark condensate, induced
by external constant electromagnetic ﬁeld.
The dimension 3 quark condensate magnetic susceptibility is
deﬁned by [13]:
〈0|q¯σμνq|0〉F = eqχ〈0|q¯q|0〉Fμν, q = u,d, (19)
where quarks are considered as moving in external constant weak
electromagnetic ﬁeld Fμν and eq is the charge of quark q in units
of proton charge (the proton charge e is included in the deﬁnition
of Fμν ). The left-hand side of (19) violates chirality, so it is con-
venient to separate explicitly the factor 〈0|q¯q|0〉 in the right-hand
side. It was demonstrated in [13] that 〈0|q¯σμνq|0〉F is proportional
to the charge eq of the quark q. A universal constant χ is called
the quark condensate magnetic susceptibility.
Let us determine the value of χ in our approach. For this goal
it is necessary to consider Eq. (3) in the presence of external con-
stant electromagnetic ﬁeld Fμν and to ﬁnd the ﬁrst order in Fμν
correction to zero mode solution (12). This can be easily done by
representing ψ as
ψ(x,ρ) = ψ0(x,ρ) + ψ1(x,ρ), (20)
where ψ0 is given by (12) and ψ1 represents the proportional to
Fμν correction. Substitute (20) in Eq. (3) added by the term of
interaction with electromagnetic ﬁeld, neglect ψ1 in this term and
solve the remaining equation for ψ1(x,ρ)). The result is:
ψ1(x,ρ) = 1
16
eqηaμνσa Fμνx
2
(
1+ 1
2
x2
ρ2
)
ψ0(x,ρ), (21)
where σa are Pauli matrices. The matrix element ψ+σμνψ appears
to be equal:
ψ+σμνψ = −1
2
eq Fμνψ
+
0 x
2
(
1+ 1
2
x2
ρ2
)
ψ0. (22)
(The properties of ηaμν symbols [2,12] were exploited.) The v.e.v.
(19) in the Minkowski space–time is given by:
〈0|ψ¯σμνψ |0〉F
= eq Fμνn 12
∫
d4x x2
(
1+ 1 x
2
2
)
ρ2
2 2 3
. (23)π 2 ρ (x + ρ )
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venient to express n through quark condensate by (14), use the
notation x2 = r2, where r is the radius-vector in 4-dimensional
space. Then according to (19) we have:
χ = −ρ2
R2∫
0
dr2 r4
(
1+ 1
2
r2
ρ2
)
1
(r2 + ρ2)3 . (24)
The integral (24) is quadratically divergent at large r. So, the cut-
off R is introduced. Its value can be estimated in following way.
The volume occupied by one zero-mode in 3-dimensional space is
approximately equal to 1/n (the volume of the Wigner–Seitz cell).
So, for cut-off radius square R2 in four dimensions we put
R2 = 4
3
(
3
4πn
)2/3
= 7.92 GeV−2 (25)
where the factor 4/3 corresponds to transition from 3 to 4 dimen-
sions. The calculation of the integral (24) at the values of parame-
ters ρ (18) and R2 (25) gives
χ = −3.52 GeV−2. (26)
The quark condensate magnetic susceptibility was previously cal-
culated by QCD sum rule method [14–17] and expressed through
the masses and coupling constants of mesonic resonances. The re-
cent results are:
χ(1 GeV) = −3.15± 0.3 GeV−2 [16];
χ(1 GeV) = −2.85± 0.5 GeV−2 [17]. (27)
(The earlier results, obtained by the same method, were:
χ(0.5 GeV) = −5.7 GeV−2 [14] and χ(1 GeV) = −4.4± 0.4 GeV−2
[15].) The anomalous dimension of χ is equal to −16/27. It was
accounted in [14–17], but not in the presented above calculation.
(In some of these papers, the αs-corrections and continuum con-
tribution, were also accounted.) One can believe, that the value
(26) refer to 1 GeV, because the value of quark condensate (14) re-
fer to this scale and also because the scale 1 GeV is a typical scale,
where, on the one hand, the zero-modes and quark condensates
are quite important (see, e.g. [10]) and, on the other, the instanton
gas model is valid [6]. Since the integral is quadratically divergent
it is hard to estimate the accuracy of (26). I guess, that it is not
worse, than 30–50%. In the limit of this error the result (26) is in
an agreement with those found in phenomenological approaches.
Turn now to quark condensate magnetic susceptibilities of di-
mension 5, κ and ξ deﬁned in Ref. [13]
g〈0|q¯1
2
λnGnμν q¯|0〉F = eqκ Fμν〈0|q¯q|0〉, (28)
−igεμνρτ 〈0|q¯γ5 1
2
λnGnρτq|0〉F = eqξ Fμν〈0|q¯q|0〉. (29)
Perform ﬁrst the calculation of κ . In this case the expression of
ψ1(x,ρ) (21) must be multiplied by the additional factor: 12τ
bGbμν
where Gbμν is given by (16) and the indices μ,ν in (21) are
changed to λ,σ . In the further calculation it will be taken into
account, that χ0 in (12) corresponds to total spin-colour isospin
J = 0 and consequently
στχ0 = −3χ0, σ aτ bχ0 = −δabχ0. (30)
In the relationηbμνηbλσ = δμλδνσ − δμσ δνλ + εμνλσ (31)
the last term drops out after summation of zero-modes from in-
stanton and anti-instanton conﬁguration. The ﬁnal result for κ is:
κ = −
z∫
0
u2 du
1
(u + 1)4
(
1+ 1
2
u
)
= −1
2
[
ln(z + 1) − 13
6
+ 1
z + 1 +
1
2
1
(z + 1)2
− 1
3
1
(z + 1)3
]
, (32)
where z = R2/ρ2 = 12.7. Numerically, we have:
κ = −0.26. (33)
The calculation of ξ is very similar to those of κ and the result is
ξ = 2κ = −0.52. (34)
The values of κ and ξ only logarithmically depend on the cut-
off. But unfortunately the logarithm in (32) is not very large
and its main part is compensated by the term −13/6, appear-
ing in (32). So, the accuracy of (33), (34) can be estimated as
about 30%. The phenomenological determination of 5-dimensional
quark condensate magnetic susceptibilities was performed by Ko-
gan and Wyler [18] along the same lines, as it was done in [14,
15]. No anomalous dimensions were accounted. The results of [18]
are:
κ = −0.34± 0.1, ξ = −0.74± 0.2 (35)
As can be seen, they are in a good agreement with (33), (34).
The 5-dimensional quark condensate magnetic susceptibilities play
a remarkable role in determination of Λ-hyperon magnetic mo-
ment [19].
I conclude. It was argued, that chiral symmetry violation in
QCD arises due to zero-mode solution of Dirac equation for mass-
less quark in arbitrary gluon ﬁeld. The model is proposed similar
to dilute instanton gas model, in which the zero-mode solution
is the same as in the ﬁeld of instanton. The parameters of the
model: the density of zero-modes and their size are determined
from the values of quark and quark–gluon condensates. In the
framework of this model the values of quark condensates magnetic
susceptibilities of dimensions 3 and 5 were calculated in agree-
ment with ones found by phenomenological methods. The success
of the model supports the basic idea of our approach and shows
that it can be used in determination of other chirality violating
condensates.
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